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Simplifying algebra in Feynman graphs. Ill. Massive vectors
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A T-dualized self-dual inspired formulation of massive vector fields coupled to arbitrary matter is generated;
subsequently its perturbative series modeling a spontaneously broken gauge theory is analyzed. The new
Feynman rules and external line factors are chirally minimized in the sense that only one type of spin index
occurs in the rules. Several processes are examined in detail and the cross sections formulated in this approach.
A double line formulation of the Lorentz algebra for Feynman diagrams is produced in this formalism, similar
to color ordering, which follows from a spin ordering of the Feynman rules. The new double line formalism
leads to further minimization of gauge invariant scattering in perturbation theory. The dualized electroweak
model is also generated.

DOI: 10.1103/PhysRevD.63.125027 PACS nunfger11.15.Bt, 11.15.Pg, 11.55m

[. INTRODUCTION Lagrangian. Furthermore, because of the coupling only to the
self-dual field strengthi10], in maximally helicity violating
Much progress has been made in the development of neéMHV) amplitudes only the first terms in E€L.2) contribute
tools useful for performing perturbative gauge theory calcuand a perturbation around MHV structure is obtained
lations at high orders. These techniques include string inthrough insertions of the latter terms. This is seen from the
spired one$1,2], color ordering 3,4], spinor helicity[5-7], Lagrangian in Eg(1.2) from the spin independence when
constraints based on analyticit§,9], unitarity methodg4],  truncating toF,;=0 (i.e., for amplitudes between states of
and those based on self-dual field theofi#8—13. These the same helicity[11]. Because of the spin independence of
methods have enabled the calculation of several higher-poirthe couplings in this case, known supersymmetry identities
amplitudes necessary for next-to-leading order phenomeno|24,14 that these amplitudes obey become trivial. These
ogy as well as several sequences of helicity amplitudes witlproperties are also a consequence of spectral flow in\the
an arbitrary number of external legs and in multiple =2 string theorie$25].
dimensions. In [12] we expanded and generalized these tools to the
In [22] a second-order formulation of fermionic couplings case of all partons, with spis 1, by introducing a “space
is derived by giving a chiral reduction of the minimally cone” analogous to the well known light cone, but with the
coupled theory. Integrating out the' and x® components in spinor helicity technique incorporated through the use of ex-
the minimally coupled actios=Tr[d*x( (in the conven- ternal line factors in a complex gauge. Amplitudes are de-

tions of Ref.[23]), fined with the choice to identify the two lightlike axes with
. . . two of the physical external momenta in accord with the
L=— IV = XV o X+ M Xt 0X) reference momenta choice in the spinor helicity method. The

(1. progress along these lines arises by manipulating directly the
theory in the Lagrangian and treating the gauge field lines as

leads to a Lagrangian scalar components. Amplitudes in such theories closer to
_ maximally helicity violating(for spin 1) are also easier to
L=—y*(O-m?) x,+°FPxps, (1.2 calculate than in previous formulations: For example, in the

massless theory even at five-point the helicity structure is
and a gauge covariantized theory wheteonly the self-dual  sych that all amplitudes are within two helicity flips to the
component of the gauge field strength couples to the fermimaximal case. In these two applications, the known super-
ons, and(2) in the remaining couplings the fermions are symmetry identities become extremely simple, and the closer
effectively bosonized. The new Lagrangian leads to a reducone is to self-dual helicity configurations the simpler the am-
tion in the amount of algebra one normally encounters in thgyjitude calculations are as the couplings in the MHV limit
computation of amplitudes because, for one reason, of thgre scalar-like.
elimination of the gamma matrices directly at the level of the  sglf-dual Yang-Mills field theories may be formulated in

a Lorentz covariant fashion through
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1See[14] and[15] for reviews at tree and loop level. Exact se-

guences of amplitudes include thosd4316—-21. where G,; is a multiplier that enforces the self-dual field
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equations. Different gauge-fixed versions of this action asogether with a non-vanishing three-point vertex ds2
well as one-field non-Lorentz covariant actions are found in+2 dimensions. Here we listed the leading-in-color contri-
the referencege.g.[10]). Gauge theories may be formulated bution for an adjoint vector in the loop with color structure
as a perturbation around this Lorentz covariant actionanalogous to attaching Chan-Paton factors to the boundaries
through the addition of the ten@“ﬁGaﬁ followed by inte-  of the annulus
grating over the multipliers\/= 2 string theory also admits a
description of self-dual and quantum supersymmetric self- LLGLE I (1.6)
dual (the latter possessing a trivi&8lmatrix) description and
possesses a gauge theory Correspondence with thezMH\y\/here the individualT?i are the color matrices for thﬂh
sector. The perturbative reformulation of gauge theoryexternalline.(See[27,28 for related work and29] for for-
coupled to matter of various spins near the self-dual poinfnulations based on non-Lorentz covariant actipAfter in-
admits improved diagrammatics for calculating amplitudestegrating out the gauge field&*? rather than the tensors
in addition, certain chirality properties of the reformulated G*# one arrives at a dual formulation of a gauge theory,
gauge theory are made manifest. In this work we examinevritten as a sigma model in the tens@&” [13], and in the
the formulation of massive theories via dualization of per-scalars that generated the mass teRelated work includes
turbed self-dual theories. the dualized models30].) The latter theory also may be used
The connection between self-duality and quantum fieldo efficiently derive the amplitudes closer to maximally he-
theory in both the classical and quantum regime allows dicity violating (or self-dua); it furthermore has several ap-
mapping between the dualized formulations to the=2 plications, from its formulation as a non-linear sigma model
string theories, in both the bosonic and target spacetime swf Yang-Mills theory. In this work we explore its application
persymmetric versions. The anomalous quantum one-loops a dual formulation of spontaneously broken gauge theo-
amplitudes obtained via sewing the finite number of particlesies.
in the N'=2 string agree with those of the MHV amplitudes  The outline of this work is the following. In Sec. Il we
[25]. (The amplitudes are anomalous because they lack present several examples within the dualized Abelian theory
modular invariant integration measure. Otherwise the RNSi.e., Stueckelberg modelThe dual theory of the Fermi in-
amplitudes would equal zero at genus one, in either2 teractions are obtained naturally in our formulation. In Sec.
[31] or N=4 form[32].) The supersymmetric extension ana- Il we examine general reduction associated with non-
lyzed in [25] via superselection sectors generates a tri@ial Abelian models and derive the corresponding dual formula-
matrix, matching with those of supersymmetric self-dualtions. In Sec. IV we examine the new Feynman rules of the
theories to all loop orders in the covariant versjdf]. Per-  dualized non-Abelian theories. In Sec. V we derive the ana-
turbation in helicity about the self-dual point allows a directlog of color flow but for the Lorentz group, i.e., spin order-
connection between th&=2 string amplitudes and the self- ing. We give a four-point massive vector amplitude in Sec.
dual sector of gauge and gravity thed. VI as an example. In Sec. VII we give the spin ordering in
Many of the ideas behind these works arise in formulatingvector notation. Section VIII contains the derivation of cross
Yang-Mills theory as a perturbation around the self-dualsections in the dual formulation. In Sec. IX we examine the
limit, in the sense that the former is described through théGlashow-Salam-Weinbergelectroweak model. In Sec. X
first order formulation we end with a discussion of further relevant work associated
with the self-dual and dualized massive vector theories de-

2 .
9 ~a @ 1 2paan - scribed here.
L=Tr —76 PG g+ GPF 5+ EM A Aaa>,
(1.4 Il. MASSIVE QED
which upon integrating the\*® field generates a simulta- A. Feynman rules
neously unitarity and renormalizable gauge thedrjhe We first briefly review the dualization of an Abelian

mass term in Ec_{.1.4) is obtained via spontaneous Symmetry theory and give an example scattering process. We also de-
breaking, described in this woilin the massless limit the ~scripe the line factors associated with the massive states in-
lowest order ing term (GF) describes a two-field self-dual corporating spinor helicity techniques.

Yang-Mills model proposed i26]. It was perturbatively In [13] we considered the dualization of Abelian vector

quantized and solved ifl0], generating the color-ordered fie|ds. We begin with a Stueckelberg theory

MHV one-loop S matrix,
2

1 M .
i i) i = SF*PF 5+ —AYA,; 2.1
U o T— MUK L= 3P Fapt 5 A Aua @3
' n 48 1<i<j<k<l<n <12><23>' : ~<I’11>
(1.9  whereF“? is the self-dual field strength,

i .
Fos==9"As 5. 2.2
2MHV represents maximally helicity violating amplitudes for the ap N TAB 2.2
reason that all partons of out-going momentum have the same he-
licity. We also include the fermions through the minimal coupling
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L= =PV qath™ = X1V X+ MY x ot 57X, 1, .
1 (ﬂ (ﬂ X X (@b X lﬂ X )(23) ‘CredZEG B(D—Mz)Ga’g—lﬂ (D_mZ)Xa

. . 1 : 1
For completeness, we will also discuss the free, neutral ana- — ZUBo v .aPrGY 4+ —_GeB
logue, v ¥ 0aaxpd* Gyt 5 G (X p)

1 . 1
T b o U X80 (PG~ 53 (0P o)
‘Cl,bz - El// laaalp + Em( lr/, wa—i_ (// lr//a) (24)

. 1 .
X0 X) = 533 VP DX g T X))
for purposes of comparing external line factdi®f course,
in the non-Abelian case this action can be coupled in real 1
representationsWe may express the Lagrangian in £2.1) + Ww(“xmm(w(axﬁ))- 2.7
in first order form with the addition of the fields*#,
The propagator foG*# is given by
2

L= SGUG, 1 Gyt S AsiA,. (2
__E ap af 7 aa* ( 5) Aaﬁ'yp(k)Z

k2+M2[CMCBP+ cerchr. (2.9
Now the action is quadratic in the original gauge fisdi”, ~ The three-point vertex found from the expansion in &7)
and we may eliminaté in exchange foG (after integrating 1S

by parts thesA term in the self-dual field strengthFurther-

more, we may also integrate out all of the barred components (Fa(k1)xp(k2) G ir(ks))
of the fermions as the action is also quadratic in these fields. 1 1
In doing so, we obtain the dualized theory, =~ Cap(koka) ot Ekgcg(ﬂcy)a ,
Ve 1 1 (2.9

— _ ___CaB _a 2 _ =
Lred 2 G Cup ¢ (=M xa 2 M2— gy, in which the second term is also symmetricdry3, together

with the ¢°G? one,

1
X| ¥Poaaxpt EaBMaXﬁﬁZMGaﬁ]) (DK xp(k) Gy (k) GH272(Ky))
aa 1 @ (a a 1
X| P, + S0Pl x,) 2MGY ). (2.6 = = a2Cankaka) (., 2C, )7, (2.10

. . . . h h defined the shorthand notati
We shall drop the Jacobians from the integration, which van\-N ere we have defined the shorthand notation

ish in dimensional reductiofregularization. We further re- (kp)aﬁzkaapg. .11

scaled the fieldsy)— \2my, x—+2my andG,;—~MG, “ '

to simplify the coefficients.Similar reductions may be per- Note that only theundottedindices appear explicitly in the

formed in the Abelian Higgs model. The reduced theory inFeynman rules. The four-point vertex corresponding/tg?

Eq. (2.6) for the massive particles is simplified in that there js in k-space,

is no gamma matrix algebra and only one type of spin index

occurs labeling the particle content for both the fermions anc{xal(kl)z//ﬁl(kz)xaz(k3)¢/;32(k4)>

gauge bosons. The propagators are of second order form and L

the dimensions of theescaledfields are[G]=[¢]=

-1 [CI=lv1=Ix] =~ 5M2 Ki-K3Cu15,Cpla, T (K1, Kzt Ka) a15,Cp 10,
The Feynman rules from the dualized theory in Ej6)

contain the propagator for the vectd®s” and for the fer-

mion and are both second order. Expanding the inverse of

1—(e/m)?y*x, produces an infinite number of terms. We . ] o .

list the two vertices contributing to th&?G?2 process which ~ Unlike the undualized theory, there are explicit four-fermion

entails expanding the action in E¢®.6) to second order in Vertices appearing in the rewriting of the original massive

2
_Z(kl+ kz) Cﬂl(BZCQZ)al . (212

the fermions: QED.
B. External line factors
3We denote the mass of fermions with lower casand the mass We next specify the line factors for the massive fermions
of vectors with upper cas@l in this work. and vectors through the use of spinor helicity techniques
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33]. Our conventions are as follows: In tieasslesase, = B — B a B _ga B B
\[Ne]yl spinors of momenturkin d=3+1 are labeled accord- SO ST L OIS mC:‘Z..lg)
ing to #“(k)=k* and the Conjugate7“(k)=k“. (In d=2
+ 2 they are independeptEach massless momentkfi® is
associated with a twistor ds"*=k“k* for positive energy,

In fact, these are the familiar choicasi=1 or m for Dirac
spinor line factors.
o . ) . . In the orthonormal case, the matn +) is just the Lor-
or _2k k® for negative. These invariants satistyy=(ki  gntz transformation from the rest frame to an arbitrary frame:
+k;)=—(ij)[ji] in terms of the spinor product$j ) of the explicitly,
undotted twistors anflij ] of the dotted.

The massivetheory in Eq.(2.3) generates the field equa- Kae = b (mﬁﬁy)g& _ (2.20
tion k,,¥*“+my,=0, and its complex conjugate, that pos- (8) o)
sesses two solutions at momentlrfor the fermion. In the  The little group is S(2) acting on the “(@)” indices, which
complex case t.here are two independent solutions at momefsayes the momentuk®® invariant. (Similar remarks apply
tum —k, while in the real casex(=#) they are related. The - \yhen applied to the original fermionic actionghis SU2)
solutions may be specified in terms twio Weyl spinors of  jnyariance is just the freedom to change basis. For the neutral

momentumk ., andk . such that the momentum (“Majorana”) fermion, we note that the field equation
- Law  Law La La o La Koatr®(K) +my,(—Kk)=0 relatesy, . for negative energy
K=k K =Kok HRkE) to k), etc.: v
2_ _ |2 —\[ — a a
M= k=)= (213 Y (—Keny k) = €@p ¥ip ke k). (2.2D
for positive energy(and k=—k,)—Kk., for negative en-  preyious tq33], a more complicated choice of external line
ergy). The “spin vector” S*“, satisfying factors was usef]. Both can be found by projecting with
) y-k+m on a massless solutidfor justk,)), but the newer
S°=1, k-S=0 (2.14  choice projects on a Weyl spinor while the older one projects

on a Majorana spinor, producing twice as many terms. The

whose spatial part defines the axis with respect to WREh  two are related by an S@) little group transformation: ex-
describe states af,= + 3, is then plicitly,

mS* =k — k(. (219 W= A Wy

Since there are two solutions for the two-component 1 1 [+ —)m
spinor, the choice of basis is arbitrary: The simplest choice is AyP=— . (222
obviously to choose a basis proportionallqg;), V2\ —=(+—)/m 1

lﬂé):ﬁtkfﬁ)ﬁl/fﬂ)lﬂf{)—llfftf)l//ﬁ):—MZ(ﬂL—)Caﬁ This construction generalizes directly to arbitrary spin,
(2.16  since the use of this basis reduces any field equation to the
rest frame. The result is always simple for the case of only
using the anti-symmetrization,v g— Uz ,=—U"v,C,p. undotted indices because there are no constréither than
Since we use §real) components ok(ﬁi) to describe 4 the Klein-Gordon equatigrto satisfy. In contrast, the usual
components of momentum, we have some freedom for rerepresentations with mixed indices always require transver-

strictions. A convenient restriction is sality conditions.
For example, the external line factdr&” for the massive
(+=)=[—+]=m (2.17  vector particles have three components and represent the

_ _ _ o o three independent polarizations of the massive vector field.
consistent with Eq(2.13. This normalization eliminates a Boosting from the rest frame to non-trivial momenta associ-

phase, however, within the inner products. ated with each external line immediately yields
Various normalizations ofc can be convenient. For ex-
ample, the orthonormal basis is LD 0= W wh (2.23
1 kf ) with the same normalization as in the spinor case. If we
u= =Yl =— convert the &) SU(2) indices to 3-vector notation with Pauli
V(+-) V(+—) o-matrices fors,= + 1,0,
Pyl — v W= —CP (2.18 o [0 1 o [0 0
g = g_ =
+.(a) 0 (@) 1 0/’

However, for the above restriction dnt —), or in general

since|(+ —)|=m, this choice is inconvenient for consider- 1/1 0

ing massless limits. An alternative, used in conjunction with o0 (a)(ﬁ):_< ) (2.24
Eq. (2.17), is to drop the normalization factor: ' J210 -1
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we have, in the orthonormal basis,

@ B a B
KCokG s KOKE

LYP=—i—o——, L*=i———=, (2.29
! (+-) (+-)
i
af_ (k2 kB a 1B
LgP= \/§<+_>(k(+)k(,)+k(,)k(+)). (2.26
These polarizations satisfy the identities,
L+'L_:1, Lo'Lozl, L+'LO:L_'L0:O,
(2.27
whereu-vzu“'gvaﬁ. The orthogonality relation is FIG. 1. The two contributions to Meer scattering,
L #(Ke) h(ka) — x(K3) x(Ka).
A “N_ _ . . . . .
x:E:,o Lagbys = zcv(acﬁ)ﬁ- (2.28 polarization vector is considerably more complicated than

the line factors above. Use of these line factors is similar to

These relations are useful for cross-section calculations witkhe use of spinor helicity for the massless vector bosons, in
and without explicit reference momenta choices for the exwhich the two polarization vectors are represented as bi-

ternal massive vectors. spinors,
The three physical polarization vectors of the massive
gauge fieldA*® satisfy e" (k)= quka, e (kiq)=— kwqa. (2.3
aa qﬁkﬁ aa qﬂkﬁ

k-e"=0, &"(M,k)-e"M(M,k)=1 (2.29
Different choices ofj in these representations lead to a shift

e, (kay)—e. (ka2 =f(kiGy,02)Kap,  (2.33

and

Kaakg;

N *\ _ . aa™Bp
&aal M2 g5 (M K)=CapCapt M2 and the difference is zero on-shell as the longitudinal com-
(2.30 ponent decouples. The adaptation of the spinor helicity for-
malism suitable to describing the polarization vectors of the

The set of three polarizations satisfying £g8.30 are then massive vector bosons follows as in the massive vector case.

A=%,0

also found by boosting witlt(/fa): Our approach generalizates this formalism to the dualized
. 4 theory and the ambiguity is reflected in the decoupling of the
i koK i k(K transversal part of the massive gauge field.
WM T T

C. Scattering

"“-)‘—L(k“ KE ke @ ) (2.31) To illustrate the use of the Feynman rules we compute in
o NI R i ' the dualized theory in Eq(2.6) the Mdler and Compton
scattering processes, i.¢iy— yx and yG— xG.

These results agree with those found by applying the relation In Mdller scattering we have the two diagrams shown in
A“&z(i/M)&Bé"GBC’ to thelL’s. Fig. 1:(a) an intermediate massive photon line between two
The use of these line factors together with our rules repférmionic couplings and the permutation, afil the four-
resents a simplification over the standard Feynman rules ufint fermionic vertex. Labeling spin and momentum, we
ing the polarization vectors,;, chosen for the massive vec- denote the initial states ag, (ki) and ¢ (k;) and final

tor lines. In the latter case the form of the four-componentstates as(az(ks) andxﬁz(k4). The diagram(a) is

1 1
Aaypy sy (K1 Ko Ka Ka) == 22 [Cp 0, (Ka Ka=Ky) (kg = k4)2Ca2MCVﬁ2]m[C”pCW+ CroCrr]

X[Cayp,(Kask1—Ka) pot (K1 —Kg)?Cp,,Coa,] (2.34

where the latter terms in the first and second lines are symmetric due to the propagating vector in the intermediate state. The
expanded expression is
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1 1
M (K kg2t 2 GGy
— (K1 —K4)?Cp_ o, (K3, Ks— K1) g0, + (K3, Ks—K1) a5, ]
— (k1= Ka)?Cpy [ (Ka Ke) o, + (Ka K1) g, o 1= (k1= ka)*[Co g Co g, Casa,Cpp It
(2.35

A (K1,kz k3, Kg)= Tr{(Kg,Kkp)(Kz,Kg) = (Kg—Kq,K3)(Kg,Kq)]

a1B1,a38,;

and the trace represents the contractionabj=a“*b,,, . 1
The second diagrantb) follows from the vertex in Eq. Al,alazlulvlp,zvzz(W)[_Calaz(kl—’_ P1:P1) v, (K2P2) iy
(2.12, and the amplitude is the sum of the two.
Next we compare with the four fermion Fermi interaction 2
theory[34]. This is obtained by integrating out the massive =~ 5 Cayu,Crpay(K2P2) o,
vector, in the Mder process or by inspection of the dual

Lagrangian in Eq(2.7). The dual theory has the nice feature 2

that the intermediate vector exchange is an order higher in + 7(k1+pl’pl)ﬂlVlcaz(Mchz)al

the fermion derivativesat large values of) than they?y?

vertex interaction that is obtained directly in the dual theory M4 1

in Eq. (2.6) (the dual theory is more natural in this regard + Tcaz(MzCVzXMlCVl)al (ky+ pl)2+ m2
with the V-A theory. The dual Fermi interactions are mod-

eled by (2.38

together with the crossed diagram by symmetrizing with re-

N ) 1 s w spect to the two photon legs,
‘CFermi:_‘/f (D_m )Xa_m(lr// aaaxﬁ)(lﬁpa Xp)

1
N 2,\1/|—2 VP DX g T X, ] Roaaguamnipn,™ (W> { " CsnKat PP (KoP Uy

2
1 . Coy (KoPy)a s
*am? P XD (Praxg)- (2.36 2 Cauy =y [(KaP1) 0,
2
i ic i . . + 7(k1+ p21p2)ﬂzyzca2(#lcvl)al
The form in Eq.(2.36) is in a second order fermionic form;

we can undualize it to write it in first order form via M4 1
+TC“2(M1CV1)(M2CV2)“1 (kl+ p2)2+ m?-

Leem= = 1 daath™ = X1 DaaX T M X0t P X o) (239
T bGNEPO . The four-point vertex foryG~ is identical to that in Eq.
M2V VXX O (2.39 (2.10 and generates the final diagram to this process.

Squaring the amplitude to obtain the cross section, via
summing over final states and averaging over initial ones,
Integrating half of the fermionic components in .37  involves the identities and ER.28 for the external fermion
generates the theory in E(.36 after scaling the fermionic and vector line factors, respectively. We complete the ampli-
fields by y—my, y—my and keeping terms up to the qua- tude calculations for the Compton process in the remainder
dratic order in derivatives. The matr@®,,, 5 is determined  of this section, taking the fermionic matter to be massless. In
in the process. Decoupling the undualized massive vector ithe massless limit the line factors associated with the second
the Mdler scattering induces the matri®,,, 53=C,zC.j- order fermiond22],
For Compton scattering/G— xyG there are three dia-
grams:(1) two with an intermediate photon line via the ver-

tices in Eq.(2.9); (2) one from the four-point vertex in Eq. e;’(k)=ka, €, (k)= A (2.40
(2.10. We denote the momenta of the fermionskyyandk, (ak)

and those of the photors, and p,. The indices of the fer-

mions area; and a, while those of the photons aye ,v; . are used in the calculation. The reference momenta and first
The first diagram gives line factor choices are
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k I1l. NON-ABELIAN DUALIZATIONS
1+, a

oK) =K1t o, Xa(kz)Zm (2.41) A Vectors
In this section we shall consider a general spontaneously
broken non-Abelian gauge theof{2]; the scalar and fer-
Ky, Kps mion mattgr contenF is tak_en to be generip. The du_allized
Ly,(py)=—i M—_V p1=kistki_ (2.42 fqrn_w to this theory is obtamed .by expressing the 9r|g|nal
(1+1-) minimally coupled theory in first order form using a
Lagrange multipler field strengtG ,4:

and

L (p)—iM pr=ko, +k (2.43 2
2,uv\M2) — ’ 27 N2+ 2— .
: (2+2-) L=Tr— %G"‘BG05+G”‘BFQB
corresponding to the scattering process* — yG~. With : .
these choices all terms from the first diagram and third dia- +VPY b= hhiV o HV(P). (3D
gram are immediately equal to zero; furthermore we have the
normalizations(j+j—)=[j—j+]=M. Only the second Integrating out the dualized gauge fiel@$” gives back the
term in the second diagram is non-vanishing and it generaté{l‘,sua| field theory formulation. However, this first order form
is now quadratic in the gauge field,;; we shall rather
(1+2-)[2+1-] 1 functionally integrate outA“? [13] and arrive at a theory
= 2+2) Kt (249 defined in terms 05,4
1+ 7 P2 Integrating out the gauge connection for those vectors ac-
quiring a mass through spontaneous symmetry breaking
gives rise to theT-dualized Lagrangian examined [d3].
Prior to gauge fixing we obtain the theory after integrating

Al+,—)

The opposite helicity configuration for the gauge bosons
parametrized by

OUtA,,,
. kl—,,ukl—,v aa
Ll,uv(pl):|—<1+l_> v Pr=Kkip ko (2.49 L
LI=Tr= 3G G g+ Vo a TX 15hV 0= ¥ daithsy
. k2+,/_Lk2+,I/

L2u(P2)= 17505 Pa=ker koo, (246 G 2 bt V(). (3.2

receives a non-vanishing contribution from the fourth term inThe remaining massless vectors not Higgsed by the scalar
the first diagram and the first term in the second diagraninteractions and in Eq3.2) not indexed bya, give the stan-
equals zero. The sum of the contributing terms equals dard (undualized contribution to the Lagrangian:

1 . .
AC—,4)= _(1-2+) LU=TrSFF ot (VG V 0= 1V "
(ki +p1) 33
,(1-1+) . . .
el (kys ko )P The full theory in Eq.(3.1) is Ly+L,. The gauge-fixing
(k- +p2) M may be performed before the integration of the gauge field;

in unitary gauge this would eliminate one component of the

, (2.47) complex scalar. We will do so in the next section relevant to
the dual of the electroweak model. In the above, the veétor
and matrixX in Eqg. (3.2) are found to be

in terms of the reference momenta. The two processes

YyG=— xG~ are trivially zero after contractions. Squaring Vga:ayaegui@wlﬂ% ¢TTg(aaa¢)_(aaa¢f)Tg¢,

the sum of these amplitudes and taking the high-energy limit, (3.4
M —0, generates )

+M([1+2-]+(1-2+))

and

16 (p1-kay)?

M[2— o — 2T
E| | M2 Kis-P2

2.4 .
249 X =if 0GP+ $TTL TS CH. (35

Normalizing by the line factor associated with the fermionWe need to expand the form in E€B.2) about the broken

Kii-Kop=(Kys+tko ) Koy —M2=py-kyy gives the phase in order to generate the Feynman rules, of which there

known result are an infinite number arising from the Taylor expansion
about the vacuum value of the scalar field. We write the

~ 16 - =7
M2 .k Kol 24 expansion ag=¢+v, anq of course, the Iowgst_order term
2 |l M2 P2 K P2 Ko 249 in Eq. (3.2) is kept by keeping only the quadraticdnterm in

125027-7
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the inverse of the matriXgf, which generates the mass \jea_ 5 a(Ga7 1 yoTVy?) + TV Ty + &1 TS Gaa
term for the vector bosons. These rules will be derived in the & 7 (Ca  / Ta¥) T Tad™,+ ¢ T %.8)

following sections.
and the matrixX,,*# is

B. Spinors
: XapP=if autG P+ (T T b+ 9 {TL T g, ) CHP.
Our aim is to eliminate to a large extent the doted - o G (TR To} 6+ 9 (T3 Tl (3.9
index from appearing in the gauge theory coupled to matter

of various spin content. We will see that this allows for angte that the resulting action is complex. We have also left

“color ordering” for internal spin structures which leads to a ¢ representation content of the matter under the gauge
further minimization of amplitudes into smaller gauge invari- roup arbitrary T¢,T%); we shall consider specific repre-
ant subsets; the minimization of amplitudes into subsets igentations in the ?olloi/ving Ssubsections.

advantageous because calculations of smaller gauge-
invariant subsets of amplitudes is simpler and there are reIaC—O
tions between these subséts in the case of subleading in

color contributions to partial amplitudes: these subleadin
trace structure partial amplitudés, , can be obtained from g5 4 4 ones. Note that in distinction to the result in Eq.

A“il).' _Th_|s_ IS zti;alo%ousdto the ?ifhect that spmor_heil(_:ltty h"3‘3(1.2), the fermions enter into the denominator of the dualized
N minimizing the recuncancy ot i€ gauge nvanant in era(.:'theory through the matrix2f; the entire contribution for
tions and is similar to the color ordered breakup of ampli-

tudes X~1 must be expanded about the vacuum value leading to an

We demonstrate here then the dualization of the non|_nf|n|te number of interaction term@ut a finite number at

Abelian model in the previous section combined with thegiven order in perturbation thegryin this reduced dualized

reduced fermion Lagrangian derived|ibl]. Recall that the mgsrg"vxé? thr%\/?ieﬁggag?/e T;Bg‘e'fjeg thoenlt h%c:g ln tgeofs inisf
fermion reduction is derived by integrating out half of the y ony yp b

fermionic components contained in the Lagrangian in E index, i.e.G*%, ¢, and 4. A single (for fermions and
(10) P grang q'double(for gauge fields line formulation naturally follows

. . _ — . . associated with the contractions of thetype index.
Upon using the field equation fap, we eliminate this

field and obtain the fermionic contribution to the gauge
theory in Eq.(1.2); the O is gauge covariantized, i.e.[2 IV. FEYNMAN RULES

=VY o= (07" +1A") (d0qtiA,,), and generates tri-  |n this section we will derive the Feynman rules to the
linear and quartic couplings. The fully dualized matter theoryreduced dualized theory of the previous sectidm.Sec. VI,

is found through Eq(3.1), but together with the fermion we will apply these to the example of the four-point vector
contribution in Eq.(1.2) (which is quadratic iM,;). Inthe  amplitude) We also make explicit the double line represen-
following we combine this integrating out procedure with the tation for the Feynman graphs in accord with the spin order-
dualization of the vector fields. ing.

To generate the dualized system of the non-Abelian gauge To find the couplings to fourth order in the gauge fields,
theory coupled to fermions we introduce as before a firstye need to expand the inverse to the ma)(f}? to second
order form through order about its background values of the scalar fields. The

matrix X has the form

The form (3.7) of the dualized theory may be found by
mparison with the first order Lagrangian in E8.1); the
two couplings in Eq(1.2), the scalar-like box and the self-
Hual tensorF .z, couple as tha‘;“ﬁFaﬁ term and as the

1
Lg=Tr=5G"G 5+ G F 5. (3.6 ’
XtP=GEPMf +Q;C A, (4.2

We proceed by integrating out the massive vector fields as imhe first term in Eq(4.1) is symmetric in @,8) and anti-
the previous section, after including the Lagrangians in Eqssymmetric in (,j), and the second one is anti-symmetric in
(8.1 and (3.2. The general form of the dual Lagrangian («,3) and symmetric ini(j).

taking into account the reduced fermion contribution in Eq. The perturbative form of the inverse to the matkxis

(1.2 is then(after integrating ouA“%), obtained from the expansion
1 A {1 '.A 1 1 1
d_ _ " cap —17apB . — = —- ,
L TI’( 2 G Ga,B +Va,ay[x ]abvﬁy,b X u G(m)l\/l(m)-l— Q5 Q S+ Qfle(m)M(m)

. . 4.2
+ YR g otha gt 0B R pabat V().
(3.7 around the mass matriQ;; = ¢'{T? , T/} . ExpandingX
=(X)+ AX is not direct because there is a field dependent
_ coefficient multiplying the(X) term. A first order expansion
The vectorV5“ is given by generates Feynman rules to third order in @éelds,

125027-8
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108 B 1]k 1
[i 3 :[Qikl][5a35kj_lele(a)aBMl(ja)+ ] [Y ab:(?U_)Caﬁlab+ mlaclcd(GgBMgB
=6,PQ M+ Q' G L AM@ + ... (4.3 1 .
b ‘ CPYTY T ) + g7y adl o G "ML
Higher order terms to the inverse matrix are obtained by
performing the Taylor expansion and contain more powers +C“‘SW{T$,T€¢}¢7)|ef(G(sfM](cE)
of the matrixGZ#M ¥ . Including the fermion contributions
(k)] ! B 4
for example, gives the lowest order expansion: + oS YNT 'Tg}‘/’v)' (4.9
1118 The metricl 4, is the metric used to contract the color indices
[f = 8,PQ M+ Qi ' Q[ GAAM(P arising at the vertices. The net color flow, even for general
a l.p, may be factored out as in the usual formulation of
Yang-Mills theory.
8L TY T, ]+ - (4.4 g Y

This expansion of the inverse matrix may be thought of as

. ) . L~ ot T one in the dimension of the operators, or inversely in the
with the Q;; matrix th.e same form, L.eQ;; = {T", T} ¢. __counting of the Higgs vacuum value which enters through
Although we may write a general form for the perturbaﬂvethe background value of the mass matrix. The color ordered

inverse, we shall not do so here as it is not relevant to th‘?’:eynman rules are simplest whep is diagonale.g.SU(2)
following discussion. These expansions suffice to generatﬁmdamenta]l e

the quartic c((j)uplir)gs cr)]f ther?auge fieldhs. | deri The vertices in Eq(4.8) possess two momenta with a
We_ now describe how the group theory color or erlngstring of Kronecker deltas absorbing the indices; this sug-
combines with the spin ordering. The mass matrix for the

. . ; ests a simple double line representation associated with the
scalars in the fundamental representation has the partlcular& indices to the Feynman rules similar to that of color flow
simple form in anSU(2) gauge theory,

(with Chan-Paton factoysIn the diagrams we represent a
1 Kronecker delta symbol connecting the indices at either end
Q.= ¢T{Tf,TE’f}¢=§ b (45 by a single line. We have to also represent the product

kiadkf“ from the contraction of two momenta in the vertices;

This form of the mass matriQ;; simplifies the derivation of @ dot on the line indicates that the matkix, .k is used to
the Feynman rules in this section because its inverse is diagoak up the indices on the linesindj. The general fermion
onal. On the other hand, the general fundamental represent@t gauge bosofi.e. G*#) line possesses these contractions,
tion of SU(N) satisfies the identity as can be seen M7” in Eq. (3.9).

1
(TS TP} = < Pat dancT (4.6) V. SPIN ORDERING
We now examine in detail the lower-point vertices and
and the mass matrix is only symmetric. Along the directionsdescribe the spin ordering in practice. The lowest order ex-
dpe 'TC0 =0, the inverse is also quite simple. The inversePansion generates the propagator in the form
for general representations incorrectly prohibits factoring out
of the group theory via color ordering because we need to ~ap
determine the appropriate color flow along the propagators. Le2= 2M?2
The color flow with the metric generated for the propagators
above in the general case is provided in a general represef;i, I, defined in Eq(4.7). We rescaleG**— MG here

tation of the matter content. and in the following to simplify the form of the propagator

The fourth order irff)aﬁ Feynman rules require a second 5 vertices. In momentum space the color ordered propaga-
order expansion of Xf£ ;. We first define the inverse matrix o, has the two equivalent tensor structures

to the background values of the mass matrix by

G*A(0-M2]GY,, (5.1

1
lac0{TE TE}v = bap. 4.7 (GL(K)G, (= K) =izpz et 02,0°"]

We shall drop the couplings to scalars; the theory is
=————[26°6°—5°6"]. (5.2
11e8 ke+M atp Tatp

£,=[0,(G3"+ y* Ty + wﬁTiﬁmwﬁ]{;

The group theory factor associated with the propagator is
- contained in the color factdr,,. The forms of the propaga-
X[3,u GEP+ AT y?) + TP ], (4.8 tors are illustrated within the double line formulation in Fig.
2. In Fig. 2 we have not included the color flow, but repre-
where to second order we have sent the lines as contractions of theB-type vertices.

ab
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O ——p o 1 B,
+ >< «, \ o, \
B—V B v o o

6O ————— o n
al al
2 - O
p—v B v B,
o
FIG. 2. The two terms contributing to the propagator. ! \.\ o

The three- and four-point couplings containing only the

G-fields are obtained from the interactions /_
B,
1 .

az

L 2= 17(9,°G5")Gp,ap(7,2GE"), (5.3

FIG. 3. The three terms of the color-ordered three-point vertex.

1 . .
Looa= —2(9.%G2) Gp BG. 223Gy ), shall drop_ the color ma_ltrlces and Ieavg the resul_t color-
¢! MZ( v"Ga’) Go.a"Cop"(9paCas") ordered with the exception of the following four-point ex-
(5.4 ample; furthermore we use the notation
where the tensorb,l4°f? and | 4ol ®'f% 41 gnfy’ represent (ij )a/}zkia&k]ﬁ& 5.6

the color structure and have been removed in the above; they
are obvious from the graphical interpretation. We shall alsao define the often recurring matrix from the vertex algebra.
use the double line representation to graphically represent The color-ordered three-point vertex is found by taking

the vertices; unlike the propagator, we must use a line with #he (123) ordering of the group trace structures represented
dot to represent the momenta contraction on the lines. by the Levi-Cevita tensors,

The three-point vertex found froufi gz contains the terms

(Gol 5, (K1)GL? g, (k2) L2 g, (K3))

fas2oa= Tr([ T2, T22] T%), (5.7

In eliminating the group theory factors we find the color
ordered form of the three-point vertex to be
1 a;d; efaja a “3
:_M[I 19 4°19293,(12 15255 o
5“1

1
C(LYCY_ o ll3 a
=i [(12)7, 552855+ (23) 2

V123B152B3_ B3 B

+|azd| efa3ale(23)a233 5 5111
+(31)3, 5515,7]. (5.9

+ 130 o 2(3) %35, 5,05,7], (5.5

By
B This vertex is illustrated graphically in Fig. 3. The dot in
where we have explicitly summed over the ordering of theFig. 3 denotes the contraction of the momenta as found in the

external labels to make the rule Bose symmetric. In additiorvertex in Eq.(5.8) from the factors ().

we have to symmetrize in the pairs of indices (8,), The momentum space four-point vertex is derived in a
(a5,B5), and (a3,B3); we do not include these terms be- similar fashion. We label all of the lines with the pairs of
cause the propagator and external line factors explicitly twisindices (;,;); its Bose symmetric form produces the terms
these indices and symmetrizes the pairs. From now on win the case oSU(2),

(G (k1) G272 (ko) G2 ks G (ko))

1 a o a
= L€ e® R (12) Mg, 5260200 4t R%2(4D) Mg 501525, + €%2%! € M174(23) % 50616

ﬁaﬂ

5“45“4+ 24?1l 2233(41) 4 57157357

azayl _ a,a; a1 A2 a1a2I a3a4 aq
+e€ €,%2%1(34)“ B4§B5 5 +E (12 195,95,9,

B2 B
+ €207 €24 (23) 72 580152+ €29l 1%(34) 3 St ], (5.9
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There are in addition terms not included in the symmetricAn important feature of all of the vertices to any order is that
sum which do not possess a possible ordesfig2"e,*3  they contain two powers of momentum contracted in the
or €%2%Me 2421 of the group theory factordThe contrac- fashionk®“k;”;,.

tions of the epsilon tensors can be written as products of

Kronecker delta functions, but in a color ordering the group

theory factorizes directly from the kinematicslhe eight VI. FOUR-POINT MASSIVE VECTOR AMPLITUDE

terms above in Eq5.9) must also be twisted within the pairs . ) . o .

(« ,B;) to generate the complete four-point vertex; however, In.thls section we give a derivation of a four_-po_mt tree
as with the three-point vertex the propagator and externaﬁ‘mp““,‘de between massive vector bosons. We first introduce
line factors explicitly perform the twisting of these indices. the Spin trace, defined by

We may strip the color from the above vertex by using

6a1a2I 6|a3a4:Tr[Tal,Taz][Ta3'Ta4]’ (51() Tr[AB o C]:AaﬁBIBV A Cpa. (61)

and collecting all contributions to the trace structure with the

ordering (1234). . . : :
. - contribute to the four-point tree amplitude. The external line
In general, forSU(N), we need the metrity to join the fgCtOI'S for the massive fields;**, are described in Sec. Il

trace generators at each external line. Doing so gives th ; . i
g 9 9 and have a simple form in the rest frame. These matrix line

color-ordered form the same as in t5&)(2) example, factors must be traced over in the calculations relevant to the
four-point massive vector scattering. The first set of Feyn-
Qapagay @ A2 o3 Uy ; ; ; ; .
Vizsag 5.5, W[(12) '8, 95,96, 95, man diagrams contains naively a pole in g channel; the
diagrams give the result

There are three topologies of Feynman diagrams which

_ a aj g@p o3 @ ag oty o1
(41 ‘s, 5525,335ﬁ4 (23) 2p, 5,845ﬁ1532

@ g QO] QU a Ay Oy 1 1
_(34) 3,345ﬁ‘115/3;5ﬁ2+(12) 1525/3421513;55? A|(k1,k2,k3,k4)=WmTr([LﬂlZ)Lz—(HZ,l)
12

« X QA3 op a Xy Q] Q3
T (41)%p, 05.05,05,7 (2325, 05,05, 95, X LyLy— LyLy(2,14 2)][La(34)L,

+(34)%3g, 5;;‘5;;5;? . (5.11 —L3L4(4,3+4)—(3+4,3LsL4]).
. . - (6.2
This vertex is represented in Fig. 4.

We end our discussion of the Feynman rules with the
couplings of the gauge bosons with the fermions; the simits counterpart with a cupped propagator leads to a multiple

plest example is the coupling between t@efields and two  trace structure,
fermions. From the four-point interaction,

1 . 1 1
ﬁeewzm(ayaegw(amepﬂ) SATY T s, Al(ky Ky kg, kg) = 2 o MLa(12)L,— (1+2,0)
St M
(5.12
X L1L2_ L1L2(2,1+ 2)]Tr[|_3(34)|_4
we obtain the Feynman rule
—L3La(4,3+4)—(3+4,3)LsL,].
<Gal,31(k1)Gb2ﬁ2(k2)l//i S(ks)lﬂj 4(k4)> (6.3

1 .
— aja . sM2~aga 14 . . . .
2M?2 Ky kzﬁla 5,82C 4 {Ta ’Tbl//}'J . (613 The second class of diagrams contains a pole irsthehan-

nel; their contribution is
Another example vertex at the five-point level is obtained
from the term

1
A (Ky ko, ks, k)= —— Tr((Ly(14L,4—(1+4,]

M? g0t M

Loae=172€4(9,° G5 GF(0,.G8") wo{TY T s,
(5.14 XLiLa—L1L4(4,1+4)][L3(32)L,
There are many other vertices describing the couplings of —L3Lly(2,2+3)—(2+ 3,3 LsL,]).

fermions ands“# fields found from the third order Lagrang-

ian in Eq.(4.8 which are easily obtained, and we do not list.

A straightforward expansion of the Lagrangian in E8.2)

generates these terms through the expansion of the inversEheir twisted counterparts are

(6.9

125027-11
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Al KKz, ka) = 2 =S T L= (154,

M? g, +

XLyLa—LLa(4,1+4)]TH La(32)L,

—L3ly(2,2+3)—(2+3,3)L3L,].
(6.5

The remaining contribution to the four-point tree amplitude
comes from the four-point vertex, which contains twelve

A-B=AB' and

A®PB,5—

PHYSICAL REVIEW 53 125027

1 1 Tr(ABCD)=A-BC-D—A.CB-D+A-DB-C, (7.2

where we may translate into three vector notation with

1
ZAB;. (7.3

terms: The Feynman rules in three-vector notation are obtained by

1
Al =WTr[L1(12)L2L3L4+ L,LoLsl4(41)

+L4L,L5(34)L,+L,Lo(23)Lsl 4] vectorsL . o,

1
+ 2 TML1(12)LoL gL+ LiLaloLo(41)

FL(23)Lal L+ LyLa(34)L4L,]. (6.6)

The sum of these three combinations generates the spil

ordered(and color-orderedmassive four-point vector ampli-

tude. The line factors associated with the external states i3, /—\ Oy

Eq. (2.26) are required for the complete covariant result. o, B,
We complete this section with the calculation of the mas-

sive analog of the maximally helicity violating process, i.e.

scattering of the massive vector bosons possessing the sai B,

helicity G*. We write the momenta of the external vectors in ! \_/ B,

terms of null momenta as;=k;+q, with g the same for all

of the distinct bosons. The line factors for the out-goidg

states are

o,

Lo =iJads 6n B/ O\

jrap™! (aj) G, B,

Inspecting the contributions in Eg&.2) to (6.6) we see that
all of the terms contain a contraction gfq, and are indi- o

. . . " 1 3
vidually zero. The tree-level helicity process for this configu-q,, v B
ration of the massive gauge bosons is equal to Zarm :
similarly at n-point).

VII. VECTORIAL SPIN ORDERING

In the vector theory in the previous section we examinec, /\ o,
the Feynman rules and amplitudes within the double line O, B,
representation of the spin algebra. Beca@¥ has three
components and transforms like a 3-vector, it is suitable tc
describe the interactions in vector notation, in which the B,
Feynman rules are made simpler. We shall reformulate %2 \_/ B
this section the interactions in this notation.

We start by noting that a symmetric matik, ; has three
components and may be written as a three-vedr, We
need to reexpress the trace formula in the previous sectic
into three-vector notation. Using the identity

o,

B /77 o,
BR —A B B % B,
2A,"Bgy=A(a"Bgly)t ALa) By » (7.9

translating the previously derived ones.
The three-point color-ordered vertex in three-vector nota-
tion translates into, after contracting with the polarization

B,

(
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o
o
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o
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o
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2
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(
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2

2
1

1
2

4
2
1

1

t

(
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> |
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3
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2

FIG. 4. Spin ordered diagrams of the color-ordered four-point

we find a version of the trace formula vertex.
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LN e
"
J ~ A

FIG. 5. The three terms of the three-point vertex in the single FIG. 6. The four terms contributing to the color-ordered four-
line representation. point vertex in the single line representation. The dot denotes con-
traction with the producé®”'(mn); of the opposing two linem and
n.

3

1
Va=—7lLa Lala (12 4Ly Lalp (13)

+Ly Laly-(23)] (7.4 V2= = [ 8112 €194 (34); 4 5123 €141 (41) ]

or in uncontracted form, - W[5'3'4 €'1'1(12);+ 8'4'1 €'2'3'(23)].

(7.7)

hlola__ _ " r qiqi i iqi i i i
Vs ti= M [542(12) o4 S3(13) 2+ 525(23)1] This vertex is illustrated in the single line representation in
(7.5  Fig. 6.

The forms of these vector indexed vertices are particularly
. . _simple and imply a similar simplification of the three- and
where we have suppressed the helicity dependence in the lifgyr_point double line graphs: their form after converting the
factors in Eq.(7.5). This vertex has a particularly simple \ector line into a bi-spinor one gives the three and four-point
form when compared with the usual formulations. The verteXartices illustrated in Figs. 7 and 8. We have essentially en-
is illustrated graphically using the single line representationg geq the vector into a bispinor label: the contraction of the
in Fig. 5; the dot denotes the contractioi)(of momenta  omenta is denoted by the dot on the line. These forms are

from the two adjacent lines. equivalent to the previous double line representations.
We may find a similar form for the color-ordered four-

point vertex; this vertex becomes in three-vector notation,
after contracting with the external polarizaton vectors, VIll. CROSS SECTIONS

We conclude this section with an explanation on how to
2 obtain the cross sections from the amplitudes derived using
Vy=— W[Ll- Lo (LaXLy)-(34)+Ly-Ly(LaXLq)-(42)] the dualized Feynman rules. First, we denote the three inde-
pendent polarizations in a three-component bi-spinor form,
2 Lzﬁeng. Using this notation, our helicity amplitudes are
- W[Ls' La(LiXLy)-(12)+ L4 Ly (LoXL3)-(23)].  written as

(7.6 AKi A Ky Ags - ) ATIBLa2B2 (K ).

(8.1
The four-point vertex has only four terms and is a reduced
version of that appearing in the double-line representation. IiThere are two ways to make the complex conjugate and the
an uncontracted form, we have the color-ordered four-pointorresponding cross-sections. First, we may use the actual
vertex written as complex conjugation of our amplitude in the form

125027-13
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al [33
Bl ai
3 al
o~ | —
o, Bz
B, a,
o, B B, @ . .
. s FIG. 7. The alternative double line represen-

\\/ tation of the three-point vertex.

ﬁl al

A* (K g Ko Ay, _)HAalgl,az'ﬁz, (kg Ky ). where the t.ilde denotes a separate index labeling fch.e. same
(8.2 representation as the untilded indices. The latter definition of

the cross section is simpler to implement in practice as only

The amplitude squared and summed over the fiigsdlariza-  one type of index is used and spin ordering is naturally use-
tions must be contracted with a vector containing both unful.

dotted and dotted indices. The only vectors available are the All final states are summed over in this manner. We may
momentak; ,.,. The squared amplitude which is summed also perform the average over initial states by contracting
over the firstm polarizations is contracted in the Lorentz and summing over their polarizations.

covariant manner,
IX. ELECTROWEAK MODEL

> |AR=AA '”‘”Bn(ki)A‘."ll31 a dan(ki) A. Dualization
pol
In this section we will consider the well know®U(2),

K, (g (ay K18)18y) X U(1) electroweak portion of the standard model. The du-
M M alized Lagrangian is derived after integrating out as in the
previous section the gauge fields for the massive vector
bosons from a first order from of gauge theory.
, 8.3 We first review the construction of this model. The La-
grangian for theSU(2), XU(1) theory contains the gauge
and scalar sectors,

y Kim, (&) (o K81 1)
M M

following from the orthogonality over the intermediate spin
statesY, _ . oL AL . 1 ., 1 s

In the completely chiral form the dualized Lagrangian de- ﬁgzi': Fapt §F “PFaap 9.9)
fines first our amplitudeA“1$1-@282""": the complex conju-
gate amplitude is found from the action written in terms ofand
G together with flipping the helicity states from the exter- :
nal line factors. This results in the same form as previously L=V, @V D — p20 D+ N\[DTD]2. (9.2
(but with alli’'s exchanged with-i’'s). We denote this am-
plitude A®F1-92B2*(k; N1:Ks,N5, ...). Then the cross-
section is derived by the orthogonality relation in E2.28
to join A together withA:

The scalar covariant derivative weighted with the appropriate
hypercharge assignments is

ta

i
Va'.a: aazll—’— IgZAZa( 2) - EglAa&! (93)

S |A|2= AP anbn(k ) Aa1BL - anbn(k;)

pol where the scalar field is in doublet form,

XUC Gl CapiBy) *  (Canl(anC B 1 ¢
ity <I>=( 1). 9.4

8.4 b2
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Furthermore, we may add doublet fermions through their 1 1
minimal couplings to the gauge field&;= — V%V, ¥e. EFQBFaB:_ EGaﬁGaBJFGaBFaB- 9.7)
The generation of an electron and its neutrino, for example,
is The unitary gauge is specified by using t8&(2), gauge
freedom to choose the gauge=(1/\/2)(¢+v)l. We fur-
e ther use the standard basis for the gauge fid@g, Zois
V= ¥, 9.9 and photorA,;, fields:
We may couple further generations to the gauge fields. . ngi&—glAaa , 91A2a+92Aa&
The standard form of the electroweak model is obtained @@= o oa1p ' CeaT Lo " ou1p
[91+95] [91+05]

by going first to a unitary gauge and then making a field

redefinition which expresses the massive vector fighds 1

and Z in terms of the massive gauge field§ and B. In W, =—[AL- +iA? ] (9.8
obtaining the dualized theory there is freedom in making the N o

various steps to obtain the new Lagrangian. Furthermore, we

shall use a Stueckelberg mass term for the photon to tredf the unitary gauge the scalar kinetic term becomes
this field on the same footing as thW and Z fields; the 1

amplitudes obtained for the massless photon case may be ChTvead _— o - 4 o

found by taking the massless lim{fhe scalar component of Vaa@ VD 2&““925(9 ¢ 0.9
the massive vector must decouple from Bieatrix in this

limit.) The procedure we adopt in obtaining our formulation % 5 1, 5

of the electroweak model is described fy writing a first +7t+9) WT-WT+ g0t %) (v +¢)°Z-Z.
order form to Eq(9.1), (2) choose a unitary gaug€s) inte- (9.10
grate out the massive vector bosonic gauge fields. One may

interchange stepél) and (2) in deriving the final form for  The pure Higgs couplings give through the potential we

the Lagrangian. have chosen
The first order form to the electroweak model is found by
introducing into the Lagragian in EQ.1) the field strengths A 1 N
Ghs andGl, Trz(¢2—vz)2:§mﬁ¢2+ 7 (4 P2+ Y. (9.11

Next we must integrate out the combinations of fie/kfésé

and B, that correspond to th&/= and Z field. We shall
reexpress the first-order form of the Lagrangian in these

1 a,af 1 a,af a,af
EF ' Fa’aﬁ’:}_EG ' Gaaﬁ+G ! Fa,aﬁi (96)

and gauge field variables.
1 o al 4
4
B, B, B, B
az o 0(‘2
2 B3 BZ Bs

FIG. 8. The alternative double line represen-
o, B, o B o B, o B tation of the four-point vertex.
4 Fa 4 Fa
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First we examine the contributions from the dualized field strengths. In terms of the redefined fields we have from the
U(1)-field contribution,

GaﬁFaB:iKGaﬁ&a&(ng_glz)yﬂ (912
where k= 1/\/gzl+ 922_ The remaining contributions found from inverting the basis in Bcf) are expressed as

‘
K

[ : :
G PR = CH F (W W)t (922 ng)axW*—W)Vﬁ]

ik

1 . .
G 05 (W W) (22 01B) oW +W>Y,;]

. 1 .
+ GS'“B[ K 343022 +91B) 75— z(W* +W7) (W — W)VB] . 9.13
We shall also use a new basis for tBdfields,

«, 1 H o
Gg= (91G5P+0,G6*), G3F= $9-0,G%), Gui=-—=(G{#+iGsP). (9.14

1 1
—_ (026G *
VoZ+g3 Joi+gs o ° V2

Before integrating out the massive fields we write the above in the compact notation which is useful for the Gaussian
functional integration; furthermore, we add the mass term for the photon field,

2 1 m2 .
G**PFS 5+ GPF ,p+ gz(v—l— d)°WT-W + g(g§+ g3)(v+ ¢)Zz-z+78““8@

= (00,6") ZP7+ 2L (GEPMY + Q, C) Z). (9.19

where Z=(W*,W~,Z,B) and G=(Gy+,Gw-,G5,Gg). The matricesM, N, and the vectoP are determined from the
expansion in Eq(9.13.

The functional integration over the set &f fields in Eq.(9.19 is Gaussian and may be performed in a straightforward
fashion. We obtain

. 1 ij p 1 up 1 up s
[’:Vi Y i V] ‘)/_ EGZ GZ,aB_ EGB GBaB_GWJrGW*,aB (916)
ap
where
VSR (9.17
and
X 5= Gy oM +QijCpp . (9.18
The matrixGy#M is
K ap _ 92K ~ap 1 ap
0 E(QZGZ_I' 91Gg) - TGW— - EglkGW*
K w gZK a 1 «,
- E(ngZ+glGB) A 0 TGW@ EglKGvﬁ
GE(BM:} — . (9.19
0ok afB ok afB 0 0
2 Cw ~ 72 Cwr
1 1
EglKG\‘;\/ﬁf - Egle\‘fﬁ 0 0

The mass matriXxQ;; is similarly obtained from the spontaneously broken contribution in(E4.9 and is

125027-16



SIMPLIFYING ALGEBRAIN ... . L PHYSICAL REVIEW D 63 125027

1
0 70+ $)%g3 0 0
1
1| >(v+¢)%g5 0 0 0
Q. —=| 4 92 (9.20
1] 2 ’ .
1
0 0 70t d)Xgi+ey) 0
0 0 0 m?

where the Stueckelberg mass parametanis The Feynman rules are obtained after perturbatively inverting the métrix
around the mass parameters of tAg-, G, and Gy fields. Note that we must add in a mass term for the photon at an
intermediate stage to perform the dualization; we takeO at the end of th&matrix calculations.

B. Feynman rules

In this section we give the Feynman rules for the dualized electroweak model presented in the previous section. The matrix
X2E has the same form as in E@.1); the perturbative inverse to first order is

ij
H =[C7QuI[Cyp84— (CQia" s/ CrapeM i+ -] 029
ap
=CopQi '+ Q' Q' GrpaM P+ -, 9.22
where the inverse to the matr;; is
4 1 0 0
(v+¢)° g5
—4 ! 0 0 0
N RCEXOR:
Q=2 4 1 . (9.23
0 0
(v+¢)* (gf+93)
1
0 0 0 —

This expansion generates couplings to third order in the maéﬁ‘fée‘ields. We may also expand in the scalar figlcaround
the vacuum value in Eq. (9.23.

Explicitly the V{** vector is

3,"Gy
: 3,7Gr
« y Pw
Vitsl e | (9.24
a,7Gg"

The lowest order term in Eq9.22 generates the propagators,

I E

——>—— Gy (D—mZ)G”‘B+1—GGW+ (D—mZ)G“,JriG“ﬂ(D—mZ)GB (9.29
v2(g§+gg) ,ap 7)) 97 Uzg% a3 W/ P w m2 B B a3

where the masses are

2~2 2(~2 2
s> V93 , v(9110)) 1
My=—g Mz=—15  Me=7M" (9.2

We have used the fact tha;'yaﬁf —C,g0.
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The interactions to third order iéfﬁ require the first correction in Eq9.22. We need the following matrix form of the
first correction:

0 @(9,G7+9:Gp)?  BiGy. Gy
QiT(lQI:I]-GaB(a)Ml(ja): _a(QZGZ—Z?;lGB)aB ° B _ﬁlegﬁ _716\7\/6— , (9.2
B2Gy~ =BG+ 0 0
VzG\D;VB— —72G\7ﬁ 0 0
where
k32 k32 3 ! gk 32
CE T ﬁl——g—gm, B2=02K wrp? 7T gl V=T Gt )2 (9.28

Since the matrixQ;,'Q, " has only diagonal entries, the matr, 'Q,,"G,zM(? is very simple. There are several
interactions at this order. We have the interactions involving onlyGilds,

£ 3= a1(9267+ 91Ge) apl (9,580 ) (9,7Gur) = (0,,G0 ) (3, G 1+ (B B2)(9,7GP)

X[(d3G0 ) Gw- ap— (90380 ) Gw+ apl T (1= ¥2) (9, "GEP)(9,,G 0 ) Gwr- ap— (9550 ) Gw apl-
(9.29

We end this section with a brief discussion of the next orderules in practical applications for massive vector processes at

terms. The expansion of the inverse matrix in Eg22 to
second order yields generically the terms

higher order. This would entail a calculati¢ire. 6-poinj or
further work at loop level. As the tensor algebra is reduced
and spin-orderedthe diagrams written in smaller gauge in-

Lge=AM(5.YGY*)G, ,,Gf 5(9,,G{**), (9.30  variant sets as well as labeled by only one chiral spinor in-
deX), the integral evaluations are the more complicated as-

whereG;=(Gy+,Gw-,Gz,Gg), and the coefficients of the pect. In our approach we have reduced the spin dependence
interactions and the rules can be determined. The couplingsf the vertices and interactions. This aspect is the primary
of the SU(2), duals has the same form as the vertex in Eq.complication associated with a direct higher-than-four-point
(5.9). calculation.

There are also interesting aspects to formulating sponta-
neously broken Yang-Mills theory with gauge groHpas a
) o dim(scalarsy- 3xdim(H) non-linear sigma model. This

In this work we have explored the self-dual inspired re-qya| formulation is chiral and written in terms of self-dual
formulation of massive vector theories. These manipulationgg|q strengths, an analog of holomorphy =2 super-

have several advantages: We have a new spin-orderingang-mills theory. It might be interesting to interpret the
analogous to color flow and the Feynman rules are suitablgometries of this dual non-linear sigma theory within the
(when coupled to mattgto rederiving amplitudes closer to conyentional formulation of the gauge theory and also the

maximally helicity violating ones in an efficient manner.  gnlogically non-trivial gauge configurations and transfor-
We have presented the self-dual reformulation for a spong5tions.

taneously broken gauge theofgnd Stuekelberg models as  gelf.dual gauge theory admits an infinite dimensional
exampleg with general matter content. Furthermore, the eX-symmetry structure; as the former is a truncation of gauge

ample of the electroweak model is analyzed. Theyeory[10] these conserved currents exist in a limit of the
Lagrangians contain an infinite number of terms: This ariseg Yang-Mills theory. The self-dual approach may permit
from the reshuffling of the perturbative expansion at arbirther progress in determining structure in the full gauge
trary order. Although the resulting action is more Comp“'theory related to these conserved currents.

cated, the Feynman diagrams are simpler, since manipula-

tions normally performed repeatedly at each propagator and

vertex in each diagram have been performed once and for all

in the corresponding terms in the action. In the massless limit

the expansions are formulated around the Mté¥self-dual The work of G.C. is supported in part by the U.S. Depart-

configurations and allows for a perturbative analysis in heiment of Energy, Division of High Energy Physics, Contract

licity flips at arbitraryn-point. W-31-109-ENG-38. The work of W.S. is supported in part
It would be interesting to demonstrate the use of thesdéy NSF Grant No. PHY 9722101.
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APPENDIX: STANDARD ELECTROWEAK MODEL =igo(JW* p= W' )W 2Y24igy(7.W = dgW o)

The bosonic sector of the electroweak model is listed be-
low to facilitate the comparison with our work. We break the
bosonic contrlbutlons into several terms, and in the followmg.l_he quartic couplings are given by

we denotea aa and define the fiel?** by

XWHRY2a—ig, (W™ W -W- bW*a)a Yo.  (Ad)

2\\H W 2 \p\
. =~ g2WH WY YHgRWE Y WY
Y 4= C0S6,,Z,+Sin 6,85 (A1) Lq=—02 95

The mixing angle is given by ca,=0g,/(g?+g3)*2 gz(W+ WW™- W™ =W W W~ -WH).
The propagators for the gauge fields are found from
(A5)
_1 1 Z,aB z W', aBE W™
L _EF PF. gt 2F FoaptFT R g There are also the contributions containing explicit couplings

) to the Higgs particle. With the* potential we obtain,

m
+ 722-2+ M2 W - W™ (A2) o
a¢>r9a¢ m¢,¢2— —(4v ¢+ ¢")+ 7 (vt ¢°)
where the field strengths are defined in the mariﬁé(/gg+

. 1
=id,"W" 5);; the mass parameters are XWT- W™+ g(ngr 93)(2vp+ ¢pAZ-Z (AB)
1
2 2
My =5920, mzzz(gﬁgz)l’zv. (A3)  witha massm’, = 2\v?. The doublet fermions may be added

to the bosonic sector described above; we do not list their
The tri-linear couplings of the gauge fields are found to be couplings.
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